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We address on general quantum-statistical grounds the problem of optimal detection of the Unruh-Hawking 
effect. We show that the effect signatures are magnified up to potentially observable levels if the scalar field to 
be probed has high mean energy from an inertial perspective: The Unruh-Hawking effect acts like an amplifica- 
tion channel. We prove that a field in a Fock inertial state, probed via photon counting by a non-inertial detector, 
realizes the optimal strategy attaining the ultimate sensitivity allowed by quantum mechanics for the observa- 
tion of the effect. We define the parameter regime in which the effect can be reliably revealed in laboratory 
experiments, regardless of the specific implementation. 
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PACS numbers: 04.7().Dy, 03.65.Ta, 04.62.+V, 42.50.Dv 

Introduction. — The Unruh effect 1 1 1 is one of the most fun- 
damental manifestations of the fact that the particle content of 
a field theory is observer dependent |l2|. A quantum (scalar) 
field in the Minkowski-Unruh vacuum from an inertial per- 
spective, is detected as thermal by a Rindler observer in uni- 
form acceleration. This is deeply connected with the phe- 
nomenon of Hawking radiation |3|. In presence of an eter- 
nal black hole, if a scalar field is in the Hartle-Hawking vac- 
uum as observed by a Kruskal observer (freely falling into the 
black hole), a Schwarzschild observer outside the event hori- 
zon would detect, again, a thermal state |4|. The temperature 
T of the Unruh (Hawking) thermal bath depends on the ob- 
server's acceleration a (the black hole mass M 15J); 
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where c is the speed of light, kg is the Boltzmann constant, 
and G is the gravitational constant. Despite their crucial role 
in modern theoretical physics, no experimental verification of 
the Unruh-Hawking (UH) effects has been accomplished so 
far, as for conventional accelerations and in cosmological set- 
tings the associated temperatures lie far below any observable 
threshold. There have been different proposals to detect the 
Unruh effect via accelerated detectors ||2l, involving electrons 
in Penning traps, atoms in microwave cavities, backreaction in 
ultraintense lasers, or Bose-Einstein condensates |i7J. Another 
path pursued in recent research is the detection of Hawking- 
like effects in 'artificial' black holes realized in liquids, optical 
fibers, or condensed matter systems |8|, where a horizon ana- 
log (e.g. acoustic or optical) may be created under controllable 
conditions. 

In this Letter, borrowing rigorous methods from quantum 
statistics and estimation |9|, we investigate the ultimate preci- 
sion limits for the estimation of the UH temperature, and we 
determine on fully general grounds the optimal conditions for 
the revelation of UH effects. We are guided by an interest- 
ing link between field theory and quantum information: The 
change of coordinates between an inertial (or freely falling 



into a black hole) observer - hereby called Alice - and a non- 
inertial (or escaping the fall outside the horizon) observer - 
hereby called Rob - in the description of the state of a scalar 
field, is equivalent to the transformation that affects a light 
beam undergoing parametric down-conversion in an optical 
parametric oscillator (see fH ITOI ). Detection by an accel- 
erated observer formally amounts to the action of a bosonic 
amplification channel. We consider the realistic possibility 
that, in an experimental setup for the demonstration of UH ef- 
fects, the field mode can be prepared in an arbitrary state from 
Alice's perspective, beyond the typical Minkowski-Unruh or 
Hartle-Hawking vacuum. We then devise the most suitable 
field states and the best detection schemes to be performed 
by Rob, in order to achieve optimal visibility and sensitiv- 
ity in measuring the UH temperature. We show that hav- 
ing an increasingly large field energy from Alice's perspec- 
tive results in a magnification of the UH signatures. We then 
prove that, engineering the field in a Fock inertial state fol- 
lowed by Rob's photon counting (phonon counting in acous- 
tic black hole analogs) allows for the optimal estimation of the 
UH effect. Alternative valid strategies involve coherent iner- 
tial states and Rob's heterodyne detections. We pin down the 
practical resources needed for an accessible and precise detec- 
tion of the UH temperature. Our findings are independent of 
the specialized implementation, setting a general goal for any 
experiment striving towards the unambiguous observation of 
the UH effects. 



The Unruh effect as a bosonic amplification channel. — We 
consider a scalar field which is, from an inertial perspec- 
tive, in a special superposition of Minkowski monochromatic 
modes (see lU [TTJ for details) such that, in the Unruh ba- 
sis im |6l [l2l, Alice detects the field in the single-mode 
state |V'o)t^- The annihilation operator of the mode satis- 
fies the bosonic commutation relations: [atj,a|[,,] — Si^^^j'- 
In Rindler coordinates the field is described as an entangled 
state of two modes, truly monochromatic with frequency oj 
16] (from now on we drop the frequency subscript), each liv- 



ing in one of the two Rindler wedges, I (right) and II (left). 
The Rindler field mode operators 6i n are connected to the 
Minkowski-Unruh ones via a Bogoliubov transformation 0, 
a — coshr bi — sinhr bu, where the 'acceleration parame- 
ter' r is proportional to the Unruh temperature: cosh^^ r = 
1 — exp(— fiw/fcsT). A non-inertial observer (Rob) in uni- 
form acceleration a is confined to Rindler region I. Thus the 
equilibrium state from Rob's viewpoint, in Schrodinger pic- 
ture, is obtained by tracing over the modes in the causally 
disconnected region II: Qr = Tru[U{r){gQ ^ |0)(0|);7'f(r)]. 
Here U{r) — exp[r(6|6jj — fci^n)] is the two-mode squeez- 
ing operator that encodes the particle pair production between 
the two Rindler wedges (or across an eternal black hole hori- 
zon), and ^0 = l^o)(^ol- Such a phenomenon has a well 
known analog in quantum optics ifTOl . which plays a cru- 
cial role for continuous variable quantum information ifTSl . 
An input signal beam in the state go interacts with an idler 
mode (environment) in the vacuum via a two-mode squeez- 
ing transformation (realized by parametric down-conversion) 
with squeezing r. Tracing over the output idler mode, the 
output signal is left precisely in the mixed state Qr- Over- 
all the non-unitary transformation from input to output, or 
from inertial to non-inertial frame, corresponds to the action 
of a bosonic amplification channel (see also 1 14|) and can be 
described by the master equation dg^/dr — ta,nhrC[bl]gr, 
where C[bl]gr = 2blgrbi — fcifej^r — Qrbibl. The solution to 
the master equation, using the disentanglement theorem LIOJ . 
can be written as 

oo 

g^ = NrJ2Cr{bl)\coshr)-'^i^'go{coshry^''^i^, (2) 

k=0 

with Nr = cosh^^r and C^ = (tanhr)^'^/^!. Eq. ^ pre- 
cisely denotes the state detected by Rob who is non-inertial 
with acceleration parameter r, corresponding to a field mode 
state ^0, with mean photon number (energy), ng = Tr[gofei &i] 
from Alice's inertial perspective. 

Optimal estimation of the UH effect — Suppose the follow- 
ing experiment is repeated N times: the field is prepared in 
the state ^o in the inertial frame, then a positive-operator- 
valued-measurement (POVM) {O^} is performed by Rob on 
the modes in Rindler region I. Here (0| O^ |0) > V |0) 
and^ O^ — 1. For each strategy 5 = (po, O), one can con- 
struct an unbiased estimator f for r, of minimum variance I.15J 
given by A^Var[f] = I^^{S). Here the Fisher information 

Ir{S) = Jdxp{x\r) (^^1^)', withp(xie) = TriO^gr], 
is a figure of merit characterizing the performance of the strat- 
egy: the highest the Fisher information (FI), the most precise 
the estimation. At a fixed go, the quantum Cramer-Rao bound 
|16| states that for any strategy it is Ir{S) < /(eo,0^) = 
Hr{go), i.e., there exists an optimal POVM yielding maxi- 
mum sensitivity, that consists of projections on the eigenstates 
of the so-called 'symmetric logarithmic derivative' Ag^, an 
observable which depends on p,. and is defined implicitly as 



The FI associated to 



follows, 2dgr/dr — Ag^gr + grAg^. 
such optimal measurement is known as quantum FI (QFI), 
Hr{go) — Tr[grA| ]. Alternatively, the QFI can be com- 
puted from the Bures metric IflTl . which in turn is related to 
the quantum fidelity fTS\ J-{gi,g2) = {T^W \/^62y/9i])^ 
between two infinitesimally close states (in our case, evolved 
from the same ^o): Hr{go) = 4[1 — T{gr,gr+dr)\/dr'^. 
We will now investigate strategies for the estimation of r, 
involving Gaussian (coherent, squeezed) or non-Gaussian 
(Fock) field states from Alice's perspective beyond the typical 
Minkowski-Unruh vacuum, and we will aim for those with 
the highest possible (quantum) Fisher information lfT9H22ll . 

Gaussian field states. — Gaussian states, e.g. ground and ther- 
mal states of harmonic oscillators, play an important role in 
quantum optics and many-body physics since they are easy to 
manipulate mathematically and provide a good description of 
states commonly produced in experiments. We begin by con- 
sidering a displaced squeezed pure Gaussian field state ^q^ in 
the inertial frame. It can be completely specified by its first 
moments, ^q = {(IqtPq)^ i and its covariance matrix |fT3l 
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Here s > is the squeezing degree, with phase 9. Under the 
action of the bosonic amplification channel associated with 
the UH effect, Eq. (|2]i, the Gaussian state is transformed into 
another Gaussian state gr characterized by the following first 
and second moments 1.23 J : S,r — XrS^Oi ""r — Xr(j"''Xj + Yr, 
where Xr — coshr I2 and Yr — sinh^ ?■ I2. In order to 
compute the QFI via the Bures metric |24| (see also [22|), 
we recall that the fidelity between two arbitrary one-mode 
Gaussian states gf and g2 with respective covariance matrix 
(Ti 2 and first moments ^1.2, is J^{gf,p2) = 2(-\/S + F — 
n/T)-! exp[-(e2 - ei)^(Ti + ^2)-i(6 - Ci)] Ca, where 
S = det(cri + (T2), and T = (dctcri - l)(detcr2 - 1). 
In our case, we note that the fidelity J^ {0 , (fi^+dr) '^ rnin- 
imized for 9 = Q and qo — 0. The inertial energy of the 
Gaussian field becomes fio = sinh" s + Po/2. By setting 
sinh^ s — xfio and Po = 2(1 — x)nQ, we introduce an en- 
ergy ratio X, ranging from (purely coherent inertial state) 
to 1 (squeezed inertial state) [20]. We finally obtain the 
Q Fl:Hr[g§_{no,x) ] = {[2{x - l)fio]/[cosh(2r)(xno + 1) - 
y^{xno){xfiQ + 1)]} + {16a;fio/[cosh(4r)(a;no + 1) — xfio + 
3]} - 2(x - l)no - 2{x - l)nQy/xno/ixnQ + 1) + 4. The 
maximal QFI is obtained by numerical optimization over x 
for any given no and r. For very small r, squeezed states from 
Alice's perspective are optimal (x — 1), while for higher r a 
nonzero displacement improves the estimation. The maximal 
Hr{go) is a monotonically increasing function of the energy 
fio measured in the inertial frame (See Fig.fTl middle surface). 
Therefore using suitable engineered Gaussian field modes one 
can significantly improve the sensitivity in the detection of the 
UH effect compared to the case of a Minkowski-Unruh vac- 
uum, whose variance 7J~^[g[^(0, 0)] = 1/4 is actually the 
largest. However, this strategy may be hard to implement in 
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FIG. 1: (Color online) Fisher informations Ir corresponding, from 
bottom to top, to: coherent states in Alice's frame and heterodyne 
detection by Rob (blue); general Gaussian states in Alice's frame 
and optimal detection by Rob (green); ultimate quantum bound, at- 
tained by Fock states in Alice's frame and photon counting by Rob 
(wireframe). The variance in estimating r scales as l//r. 



practice, as the optimal Rindler measurement depends on r 
thus requiring an adaptive estimation scheme Il9ll20l. 

We can then consider the following simpler strategy. Let 
= |ao)(Q:o| be just a coherent state (with ap = (go + 
iPq)/\/2). Rob detects the field in a displaced thermal state 
with energy la^P = cosh^r|aop. Let the POVM {O^} he. 
a heterodyne detection, i.e. projection onto a set of coher- 
ent states, {I/tt Ix) {x\}- The FI associated to this strategy is 
Iri\ao)Ax){x\) = 4(1 + no/2) tanhV < iJ,[^<f (no, 0)]. 
Although suboptimal, this strategy still encodes an increase 
in sensitivity with increasing inertial energy (displacement), 
as shown in Fig. [T] (bottommost surface). Namely, if Tiq = 



^o" 



I ao I ^ 2/ sinh r, then the coherent strategy combines prac- 
tical feasibility with an arbitrarily good improvement over the 
conventional case of a Minkowski-Unruh vacuum. 

Fock field states. — We turn now to explore an estimation 
strategy involving non-Gaussian field states. Let the state be 
a Fock state Qq — |no)(rio| from Alice's perspective, for 
which trivially uq — tiq. From Eq. (J2]i, the state as de- 
tected by Rob is ^f = X^fcLo '^n,kir) {uq + k) {uq + k\, with 
Cn,k{r) = ("+'=) (cosh r)-2("+i)tanh2'=r. In this case, to 
find the optimal measurement strategy, it is more convenient 
to use the definition of the QFI in terms of the symmetric loga- 
rithmic derivative, which in turn can be easily computed once 
the spectrum of g^ is known. We find 



Hr[\no}) ^ 2_^ —^ =4(1 + no). (3) 
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As shown in Fig.[T](topmost surface), the QFI for Fock inertial 
states beats the optimal Gaussian one in the whole parameter 
space (they only coincide in the limit r — > 0), allowing for a 
significantly reduced variance in the estimation of r at fixed 
no. The optimal measurement strategy is in this case sim- 
ply photon counting (independently of the value of r). Thus 
by having a field which is prepared in a Fock state with high 



enough energy from an inertial perspective (in the Unruh ba- 
sis), one can estimate the UH acceleration parameter - i.e., 
reveal the effect - with arbitrarily high sensitivity by simply 
letting Rob count photons in the field he detects. 

Ultimate quantum bound. — We will now prove that no im- 
provement over the above Fock-based quantum estimation 
strategy can be achieved even allowing causality violation. 
Suppose a hypothetical observer existed, able to measure 
jointly the field in the two spacelike separated Rindler re- 
gions, i.e., able to estimate globally the two-mode (unitary) 
squeezing transformation of coordinates lJ{r), so as to extract 
an ultimately precise estimator for r without any information 
loss. The QFI H"'^^^ in this unphysical setup can be written as 

^max ^ ^^q2^ _ ^Q^2^ |9j^ ^jjgj-g Q ^ ~i{blb\^ ~ blkl) 

and the average is taken over the state of system plus idler 
(from an inertial perspective), qq (E) |0)(0|. We have (G) — 
and {&) — 1 + no. Hence the ultimate quantum bound on the 
estimation of the UH effect is given by H™^^ — 4(1 + no), 
exactly equal to the QFI in Eq. ([3]l. We conclude that, most 
notably, Fock field states in the inertial frame, in conjunction 
with photon counting performed by Rob (physically confined 
to Rindler region I), allow for the absolutely optimal estima- 
tion of r: no advantage could be achieved even if access to 
the degrees of freedom in Rindler region II was permitted. 

Discussion. — To draw more practical conclusions, it is con- 
venient to derive figures of merit associated with the direct 
estimation of the UH thermal (amplification) energy nx — 
sinh r, which amounts to the mean photon number of a ther- 
mal mode with temperature T [Eq. dTJ]. Using Eq. (|3]l and 
the transformation rule for the FIs |[9]7^nT ^ Ir{dr/dnT)^, 
the minimum variance corresponding to the optimal detection 
of nr becomes: iVVar™'"[nT] = ("t + ^1t)/(1 + no). For 
a single experimental run (N — 1), the relative error on the 
estimation of n^ is defined as £„y — (Var"""[nT])^^^/?^T = 
[(1 + 



^)/(l + no)]^/^. For aprecise estimation, it must be 



< 1, i.e.. 



no 3> n. 



T ■ 



(4) 



This result defines the regime for optimal sensitivity 112611 . and 
we will now link it with a simple assessment of visibility of the 
UH effect. From Eq. (|2| we have, for a generic field state with 
mean energy n-o as detected by Alice, that the mean energy 
as detected by Rob is n^ = Tr[^r^i[^i] = ^o + nT{no + 
1). To make the UH effect observable, the energy difference 
(visibility) An = fir — no must be at least of the order of 
one photon: An > max{l, tit}. Interestingly, the threshold 
in precision, Eq. Q, translates in a visibility An ^ 1 + tit, 
i.e., precisely the regime that renders the effect amenable of 
detection. We conclude that Eq. Q sets the ideal threshold 
on the inertial field energy for any reliable - both accessible 
and accurate - verification of the UH effect. 

Additional fine-tuning is certainly needed to adapt our gen- 
eral prescription to the facilities of specific proposals to mea- 
sure the Unruh effect or to mimic Hawking radiation |7 8|; 
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FIG. 2: (Color online) Contour plot of the relative error e^^ on the 
estimation of the Unruh thermal energy versus the acceleration a of 
Rindler detectors and the energy no of a microwave field in an in- 
ertial frame (in log scales). The thick dashed line, Eq. iHl, sets the 
threshold for accessible and precise detection of the Unruh effect. 



this lies beyond the scope of this Letter. Just to have a flavour 
of the involved orders of magnitude, let us consider the setting 
of Rindler detectors (e.g., two-level atoms) accelerated in mi- 
crowave fields (u! sa lO^^Hz) l,2|. For this example, we plot 
in Fig. l2] the relative error £„y in the estimation of rix, ver- 
sus the acceleration a of the detector and the microwave field 
energy no in the inertial frame. While for uq = 10"^ (a quasi- 
vacuum field) an acceleration of at least lO^^g is needed to de- 
tect the Unruh bath, already with no = 1 photon the threshold 
(determined by equality in Eq. (Hli) drops to a more accessi- 
ble 10^^ g: a dramatic magnification of the Unruh effect. The 
error is further reduced by a statistical factor VN by repeat- 
ing the experiment N times. These are promising findings in 
view of the recent progresses in the production of Fock states 
in microwave cavities and circuit QED 1271 . and in the degree 
of control of the photon counting technique 1281 . 

Conclusions. — We have proven that the UH effects are mag- 
nified when a scalar field is in a state of non-minimal mean 
energy, e.g. coherent or Fock, from an inertial perspective. 
Accessible and precise measurement of the UH temperature 
is enabled by heterodyne detection or photon counting per- 
formed by a non-inertial observer. Beyond a fundamental in- 
terest, our findings are of direct practical relevance, delivering 
clearcut prescriptions for the optimal revelation of the UH ef- 
fects, independent of the specific implementation. The tech- 
niques developed here might be applied to other field theory 
phenomena such as the dynamical Casimir effect. 
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